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Abstract—Based on the previously developed mathematical model, heat and mass transfer in the initial

period of drying and moistening of a continually moving material is studied in a conjugate statement of

the problem. This approach allows one not only to take account of the effect of the external conditions on

the processes in the material but also of the reverse influence which is exerted by these processes on the

heat and mass transfer and which, in principle, cannot be allowed for by traditional calculational techniques
based on the boundary conditions of the third kind.

A CONJUGATE problem of heat and mass exchange
between a heat-transfer agent and a continuous
material pulled through it was formulated and solved
in ref. [1] using, in lieu of the generally employed
third-kind boundary conditions, the conditions of the
fourth-kind which allow one to take into account
the interaction effect of the heat and mass exchange
processes in the material being pulled and in the heat-
transfer agent. In ref. [1] the material was taken to be
thin, and the thickness averaged equations of heat and
mass transfer were considered for it.

The present work is concerned with the same con-
jugate problem for a material of arbitrary thickness,
pulled through a heat-transfer agent. Accordingly, a
system of differential (non-thickness-averaged) equa-
tions of heat and mass conductivity is solved for the
body. The model considered is represented schema-
tically in Fig. 1. The material of thickness A is pulled
at the speed V,. The quantities known are: the
thermophysical properties of the material and heat-
transfer agent, the temperature T, the pressure p,,,
the density p,, of the heat-transfer agent far from the
body, and the relative concentration p,, ., of vapour
in it. The prescribed quantities are: the temperature
T(0) and the moisture content «(0) of the material in
the initial section (x = 0). The solution of the con-
Jjugate problem provides all necessary characteristics
of the process including the heat and mass transfer
coefficients. In such a formulation the problem is
described by a system of equations [1] consisting of
transfer equations for the moist material :
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These conditions were obtained in ref. [1]. The first
condition expressed the quality of mass fluxes cal-
culated at the surface on the heat-transfer agent side
(+) and on the material side (—), the second con-
dition gives the heat balance on the surface and the
third condition presents the equation of desorption
isotherms and relates the temperature 7, and the
moisture content w, at the material surface to the
relative concentration of vapours p,,,, at the surface.

Relations (1)—~(7) are augmented with the
expressions for the heat and mass fluxes
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NOMENCLATURE
a thermal diffusivity [m?s~'] & temperature-gradient coefficient [K =]
an moisture diffusivity [m? s '] A material thickness [m}
¢y, c, €xponents & phase change coefficient
c heat capacity [Tkg=' K] 7 thermal conductivity [W m™'K ']
D vapour diffusion coefficient [m” s '] v kinematic viscosity [m> s~ ]
d,, d, exponents p density [kg m™?]
. injection parameter P  relative concentration of vapour,
Fo Fourier number o1 /(pr+po)
j mass flux [kgm~=2s7'] T time [s}
Le Lewis number ¢ relative humidity
p pressure [N m~?] X coefficient of non-isothermicity
Pr Prandtl number Lo coeflicient of partial non-isobaricity.
q heat flux [W m~?]
r heat of evaporation [J kg™ '] Subscripts
R gas constant [J kg™!' K] 0 air
Sc Schmidt number ! vapour
T temperature [K} 2 liquid i
u moisture content [kg kg™ '] 3 dry material
V. speed [ms '] eff  effective, moist material
X longitudinal coordinate [m)] m.s. maximum sorptive
y vertical coordinate [m]. P constant pressure
8 vapour saturated
Greek symbols w wall
o heat transfer coefficient [Wm™* K] o0 far from the body
B mass transfer coefficient [kgm ™25 '] * constant head.

In contrast to the wusual third-kind boundary
conditions, the above expressions were obtained by
solving the thermal and diffusional boundary-layer
equations [1, 2] and enable one to incorporate the
effect of the temperature and concentration dis-
tribution over the surface on the heat and mass fluxes.
With the temperature and concentration on the sur-
face being invariant, these expressions are converted
to the third-kind boundary conditions. Equations (8)
and (9) can be replaced by their integral analogues
[1,2]
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At the constant temperature and concentration on the
surface the heat ({(a,) and mass (f,) transfer
coefficients are defined as

oy = Go(Pr.f )i (Vo vx); By = (04/Cp)Le'.
(12)

In the above expressions A, @, and C.q are the
coefficients of thermal conductivity and diffusion, and

heat capacity of the moist material, respectively; p,.
(T,,) the pressure of saturated vapour at the surface;
¢ = pi/p(T,), p,, the density of vapour at the sur-
face; Le the Lewis number which is practically 1 for
£ases ; 9o, Yk, M, ¢ and d the tabulated coefficients and
exponents depending either on the injection parameter
f. or on the Prandtl number Pr in equations (8) and
(10), or on the Schmidt number Sc in equations (9)
and (11).

In ref. [1] equations (1) and (2) were averaged over
the thickness, and the above-given system of equa-
tions was used to predict the convective drying of a
thin material. The problem was reduced to numerical
integration of two first-order ordinary integro-differ-
ential equations. As an example, the drying of filter
paper in the second period, when the moisture content
of the material is smaller than its maximum sorptive
value, was considered.

In the present work attention is focused on heat
and mass exchange between the material and the heat-
transfer agent in the initial period when moisture con-
tent of the material varies from initial to maximum
sorptive. Here, unlike the case in ref. [1] the material
is not assumed to be thin and equations (1) and (2)
of transfer in the body are not averaged. Heat is sup-
plied to the material only by convection, the flow
regime is laminar and the thermal physical properties
of the moist air are calculated additively. Calculations
show that, with the evaporation rates usual for the
convective drying, the influence of the injection
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FiG. 1. Model of the process.

parameter can be disregarded [3]. In this case, for
the laminar flow without injection and with Pr = Sc =
0.7, the coefficients in equations (8)-(12) have the
following values [4]: g, =0.351; g, = A, = 1.35;
g:=h,=—0.18; ¢g:=h=003; ¢, =d, =12;
Cq = d2 = 0.57.

The proposed calculation technique also holds for
more complicated cases, for example, for the turbulent
flow regime, conductive—convection heat input, auxili-
ary heat supply by radiation, as well as in some other
cases. With variation of the flow regime, equations
(8)-(12) should incorporate the corresponding values
of the coefficients g, and /4, and exponents ¢ and
d. Their values should be established in the manner
usually adopted for determining the heat transfer
coefficients either by solving the appropriate system
of boundary-layer equations, or experimentally [2].
In the conductive or radiative heat input case, the
condition of symmetry on the axis equations (4),
should be substituted by the corresponding condition
of heat supply to the material. The remaining relations
are retained.

For the initial period under consideration, when the
moisture content of the material exceeds the
maximum sorptive moisture content u,,, the partial
pressure of the vapours above the surface equals the
saturation pressure. In view of this, ¢ = 1. Besides,
when u > u,, ., the phase change coefficient ¢ = 0. In
this case, equations (1), (6) and (7) simplify.

The dimensionless variables are defined as
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where 7 is the time, a the thermal diffusivity, and

Fo the Fourier number. In terms of these variables
equations (1) and (2) take on the form
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Initial conditions (3) in the section x = 0 and bound-

ary conditions (4) on the symmetry of equations (13)
are formulated as
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Before turning to variables (13) in conjugation con-
ditions (5)~(7), it is convenient first to carry out their
transformation. The expression on the right-hand side
of equation (6) will be replaced by the term on the
left-hand side of equation (5). Taking into account
the fact that for the period considered, when u# > u,,,,
the phase change coefficient ¢ =0, the derivative
8T/oyl;, will be found from equations (6) and the
derivative 0u/dy|,, will be obtained from equation (5).
Thereafter the expressions A07/0y|} and p,,Ddp, o/
dy)., that determine the convective heat and diffusion
mass fluxes approaching the surface on the side of
the heat-transfer agent, will be substituted by rela-
tions (10) and (11) using equations (12) and (13).
Moreover, taking into account that for 4 > u, the
vapour density is equal to the saturation density, the
derivative dp,,,/d¢ will be presented in the form of
the product (dp,o./dT,)(dT,/dE). These trans-
formations yield the following relations:
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where h = Cp4/(Cpx); is the parameter characterizing
the relationship between the thermophysical prop-
erties of the heat-transfer agent and material, Fo’ the
integration variable replacing the variable ¢. The con-
jugation condition, equation (7), for the period being
considered, for which ¢ = 1. is employed to determine
the relative vapour concentration
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Analysing the system of equations as well as the
initial, boundary and conjugation conditions, stated
in dimensionless variables (13), enables the following
conclusions to be drawn which are valid for the first
period of drying:

(19

(a) The considered conjugate problem for the fixed
material and heat-transfer agent is governed by four
parameters: g, 7(0), u(0) and T, .

(b) When the dependence of the material properties
on temperature and moisture content is neglected and
calculations are confined to the mean values of
thermophysical coefficients, the number of parameters
that govern the problem at fixed material and heat-
transfer agent is reduced to two:

T(O):TL
w(0) —u,,.

(c) The body thickness is incorporated only in the
Fourier number. Therefore, the time needed for the
material to reach a definite state characterized by cer-
tain values of temperaturc and moisture content and
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the drving duration are proportional (o the material
thickness squared.

(d) The velocity at which the material 15 pulled
through the heat-transfer agent does not affect the
drying rate and time.

It only determines the distance {rom a dic over which
the material reaches a certain state. The explanation
is that the heat and mass fluxes in the laminar flow
regime are inversely proportional to the ratio x/17 .
i.c. to the time of the material pulling as follows from
equations (8), (9) and (12). It can be rcadily dem-
onstrated that in the turbulent flow regime the drying
duration will depend on the pulling velocity, since the
coefficients x, and fi,, defined by the formulae such
as cquations (12), will be proportional to V",

Equations (14) and (15) under imtial, boundary,
equations (16), and conjugation. equations (17) (19),
conditions were solved numerically by the difference
technique using the tridiagonal matrix algorithm and
the implicit difference scheme. First, cquation (14)
was solved-with condition (17) and thereaflter equa-
tion (15) with condition (18) which contained the
already known derivative ¢0/6y|, calculated when
solving equation (14). To calculate the equation
coeflicients that depend on the functions sought. iter-
ations were carried out.

Calculations were performed for the following con-
ditions: T, =90°C, p,,, =0.125 and «(0) = 0.25.
Two cases were considered: with the initial tem-
perature of the material equal to T(0) = 70 and 50°C.
The first of them is higher, and the second is lower,
than the dew-point temperature corresponding to the
assigned relative vapour concentration in the heat-
transfer agent p,,, = 0.125. Therefore, in the first
case drying proceeds from the very beginning whereas
in the second case the material is first moistened, and
drying begins only after some time interval.

The calculations were made for the thermophysical
properties characteristic of the paper-type material ;
py=800kgm " Cy=1500T kg "K . Cy=C,
+ 'y ou: the maximum sorptive moisture content at
the dew-point temperature u,, . = 0.19 [5], the thermal
conductivity of the moist material was taken to be
constant 2 = 0.4 Wm ' K ' As evident from the
equations and conjugation conditions, the Fourier
number and the governing parameters contain the
quantity Ay instead of A,. For the parameter which
determines the relationship between the thermo-
physical properties and the dimensionless coefficient
of moisture diffusion (at the adopted value of «,,) it
is found that h = Cpi/(Cp)iiyr = 6> 107" and
@, (Cp)iidg = 0.125. In accordance with the fore-
going. the thickness and the pulling velocity ol the
material were not specified.

Predictions show that, in the conditions under con-
sideration, the temperature and moisture content vary
little across the material and their values on the surface
do not actually differ from those mean integrals over
the thickness. Figures 2 and 3 illustrate time depen-
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during the drying process. Dashed lines, calculation for the
third-kind boundary conditions.
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F1G. 3. Variations in time of the dimensionless parameters
during the moistening process. Dashed lines, calculation for
the third-kind boundary conditions

dence of the dimensionless temperature and moisture
content on the material surface. Figure 2 pertains to
the case with the material temperature higher than the
dew point and Fig. 3 to the case with this temperature
lower than that of the dew point. Solid lines show
the results of the solution of the conjugate problem
when the fourth-kind boundary conditions are
employed. Dashed lines demonstrate the results cal-
culated for the third-kind boundary conditions using
the heat and mass transfer coefficients o, and g, cal-
culated from equations (12), which are valid at con-
stant temperature and concentration heads along the
plate.

In solving the conjugate problem, the heat and mass
fluxes are determined by equations (8) and (9) or (10)
and (11). This allows one to calculate the real heat
and mass transfer coefficients with regard for the dis-
tribution of the temperature and concentration heads
established on the surface due to the interaction
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between the material and heat-transfer agent. To
evaluate the conjugation effect, the coefficients of non-
isothermicity and partial isobaricity [4]

a _ B
L Ol e > Ko Ba
are introduced which determine the extent to which
the heat and mass transfer coefficients, obtained for
the real distributions of the temperature and con-
centration heads, differ from the usually employed
coefficients a, and 8, obtained under the assumption
of constant heads. The values of the coefficients y,
and g, for the cases under consideration are also given
in Figs. 2 and 3.
The analysis of the calculated results allows one to
draw the following conclusions:

(a) The real rate of the heat and mass transfer
processes predicted with allowance for the interaction
between the material and the heat-transfer agent, is
lower than that resulting from the calculation con-
ducted for the third-kind boundary conditions in
which the conjugate character of the problem was
disregarded. This is attributable to the fact that in the
case of drying, the solid curve of moisture content is
located higher (Fig. 2), and in the case of moistening,
lower (Fig. 3), than the corresponding dashed curves.
Accordingly, the solid curves of temperature are situ-
ated lower for drying (Fig. 2) and higher for moist-
ening (Fig. 3).

(b) The reason for such a relationship between the
rates of the heat and mass transfer processes is traced
to the difference between the heat and mass transfer
coefficients, the relationship between which, as is
known, is determined by the character of variation in
the temperature and concentration heads [2, 6]. When
the head grows, either in the direction of the heat-
transfer agent flow or in time, the heat and mass
transfer coefficients appear to be higher, where in
the reverse case they turn out to be lower than the
corresponding coefficients obtainable for the constant
head. In the considered drying and moistening
process, the concentration heads diminish.The tem-
perature head increases in the drying process and
decreases during the moistening process. In con-
formity with this, the mass transfer coefficients in
both the cases are smaller than f,(x, < 1). The heat
transfer coefficient is smaller than «, for moistening
(x, < 1) and larger than a, for drying (y, > 1). It is
precisely this factor that stipulates the decrease in the
heat and mass transfer rate as compared with that
acquired by the traditional calculation for the third-
kind boundary conditions taking no account of the
conjugate character of the problem. Here the heat
transfer rate decreases also in drying even though
a > a,. This is associated with a much more appreci-
able decrease in the mass transfer coefficient than the
increase of the heat transfer coefficient in the drying
process considered (Fig. 2).

Since the processes of convective drying and moist-
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ening proceed under the conditions of the falling con-
centration head, the established decrease in the rate
will take place in any process of this type. Naturally,
the quantitative results and the degree of this decrease
will be determined by the specific conditions but quali-
tative results will be the same.

(c) The analogy between the heat and mass transfer
coefficients, frequently employed in predictions, is not
observed. This is due to the fact that, for maintaining
the analogy, the coincidence is required not only of
the differential equations describing heat and mass
transfer but also of the appropriate boundary con-
ditions determined by the distribution of the tem-
perature and concentration heads along the surface or
in time. It is seen that these distributions substantially
differ. Correspondingly, the distributions of the heat
and mass transfer coefficients also considerably differ,
quantitatively and qualitatively. While the heat trans-
fer coefficients differ little from the isothermal
coefficients a,, so that the non-isothermicity coeffici-
ents y, are close to unity, the mass transfer coefficients
differ drastically from the isobaric ones f,, especi-
ally in the process of moistening (Fig. 3). Here the
coefficient of partial non-isobaricity 3, reaches
0.6 in one case (Fig. 2), while in the other it even
reduces to zero and becomes negative. Thus, in the
processes considered, the inclusion of the interaction
between the material and the heat-transfer agent has
little effect on the heat transfer coefficients and notice-
ably reduces the mass transfer coefficients.

(d) In the course of moistening there occurs the
mass flow inversion—the phenomenon similar to the
well-studied phenomenon of the heat flux inversion
[2, 6]. Tt follows from the law of proportionality
between the flux and the head that the moistening
process should persist until the material temperature
becomes equal to the dew-point temperature and the
partial vapour pressures above the surface and far
from it become identical. In actual fact, the mass flux
reduces to zero earlier than the concentration head.
This is illustrated in Fig. 4 which presents variations
in the mass flux j, and concentration head Ap,,
obtained in the conjugate and non-conjugate prob-
lems. It is seen that the mass flux reduces to zero much

Dpo x10% j, x 105, Xp

FIG. 4. Variations of the mass flux and concentration head
with inversion. Dashed lines, calculation for the third-kind
boundary conditions.
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earlier than the concentration head does. As is to be
expected, in the non-conjugate problem (dashed lines)
both the points coincide. At the point where the mass
flux reduces to zero the concentration head is finite
and, therefore, the mass transfer coefficient and,
consequently, the non-isobaricity coefficient 7,
become zero. After this point, the mass flux changes
its sign, and the drying process begins even though
the direction of the concentration head remains the
same (004 < Pro.). Therefore, the mass transfer
coefficient and, correspondingly, the non-isobaricity
coefficient y, are negative over this section. Such a
pattern remains up to the point at which the con-
centration head vanishes. Since the mass flux is finite,
the mass transfer and non-isobaricity coefficients at
this point tend to infinity and virtually lose meaning.

Physically, the inversion phenomenon is explained
by the inertia properties of the heat-transfer agent
flow, due to which the change in concentration near
the wall is manifested much earlier in its immediate
vicinity than far from the wall. This results in the fact
that, when the concentrations of the heat-transfer
agent on the wall and in its immediate vicinity become
the same and the mass flux reduces to zero, the con-
centration far from the wall does not manage to
become equal to that on the wall and, hence, the
concentration head does not vanish. The inversion in
application to the heat flux is studied in more detail
in refs. [2, 7].

The mversion-involving processes cannot be inves-
tigated and calculated by traditional methods, since
the third-kind boundary conditions essentially con-
tradict the inversion phenomenon. In such cases the
problem should be regarded as a conjugate one.

CONCLUSION

Based on the previously developed mathematical
model, heat and mass exchange arc studied in the
initial period of drying and moistening of a con-
tinuously moving material in the conjugate statement
of the problem. This statement allows one to take into
account not only the effect of the external conditions
on the processes taking place in the material, but also
the inverse influence of these processes on the heat
and mass transfer rate, which in principle cannot be
considered by the traditional calculational techniques
based on the third-kind boundary conditions.

[t is found that the solution of the conjugate prob-
lem yiclds decreased rates of drying and moistening
as against those obtained by traditional methods. It
is shown that the frequently used analogy between the
heat and mass transfer coeflicients is not observed and
that the actual heat and mass transfer coefficients
differ considerably both from each other and from
the values obtained by ordinary similarity equations.
Under certain conditions, in the process of moistening
the phenomenon of the mass flux inversion originates
which basically cannot be described by the generally
employed laws of direct proportionality between the
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fluxes and heads. Account is also given of some other
features of the conjugate formulation of the problems
of combined heat and mass exchange.

The results presented are obtained under certain
assumptions, for the laminar flow regime. It can be
demonstrated, however, that they are also quali-
tatively valid for the turbulent flow regime and for the
real drying processes in which the convective heat
input is essential. This is due to the fact that, during
the drying processes, the concentration head dimin-
ishes either along the material length or in time. The
transfer coeflicients for decreasing heads are always
noticeably smaller than the corresponding coefficients
calculated under the assumption of constant heads.
Therefore, the actual drying process, just as in the
problems considered, will proceed more slowly than
it follows from the conventional traditional calcu-
lations. Of course, in each specific case the qualitative
results should be found by calculation and can differ
from those given in the present study.

The solution of conjugate problems enables one to
more profoundly understand the physical essence of
the drying and moistening processes, to appreciably
improve the accuracy of calculations, and to establish
the limits of applicability of the approximate tra-
ditional calculational technique. The studies of the
problems of conjugate heat and mass exchange are
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in their early stages. They should be continued by
expanding the range of the problems considered and
by working out the methods and programs to be
widely employed in the calculation practice.
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TRANSFERTS CONJUGUES DE CHALEUR ET DE MASSE DANS DES MECANISMES
CONTINUS DE SECHAGE CONVECTIF

Résumé—On étudie du point de vue du probléme conjugué le transfert de chaleur et de masse dans la

période initiale du séchage et de 'humidification d’un matériau se¢ déplagant continiment, a partir d’un

modéle mathématique développé antérieurement. Cette approche permet non seulement de tenir compte

de leffet des conditions externes sur les mécanismes 4 Iintérieur du matérian mais aussi de 'influence

inverse qui est exercée par ces mécanismes sur le transfert de chaleur et de masse, ce qui ne peut en principe

pas &tre traité par les techniques traditionnelles de calcul basées sur les conditions aux limites de troisiéme
espéce.

KONJUGIERTER WARME- UND STOFFTRANSPORT BEI KONTINUIERLICH
ABLAUFENDEN KONVEKTIVEN TROCKNUNGSPROZESSEN

Zusammenfassung—Aufbauend auf einem frither entwickelten mathematischen Modell wird der Warme-
und Stofftransport in der Anfangsphase der Trocknung und Befeuchtung eines sich kontinuierlich beweg-
enden Materials untersucht, wobei die konjugierten Koppelungen bei dem Problem beriicksichtigt werden.
Dieses Vorgehen erlaubt nicht nur eine Beriicksichtigung des Einflusses der dufleren Bedingungen auf die
Vorginge im Material, sondern auch Riichwirkungen, welche von diesen Prozessen auf den Wérme- und
Stofftransport ausgehen. Derartige Riickwirkungen kénnen bei herkdmmlichen Berechnungsverfahren
aufgrund von Randbedingungen der dritten Art grundsétzlich nicht berticksichtigt werden.

COMPSKEHHBIV TEINJIOMACCOOBMEH B HEMNPEBBIHBIX IMPOLIECCAX
KOHBEKTHUBHOHI CVIIKH

Amsoramn—Ha ocHoBe paHee pa3paGoTaHHOH MaTEMaTHYECKOH MOLENH HCCIENOBAaH TEILIOMAccoo6-

MeH B HayalbHOM MEPHOIE CYLIKH H YBJAXHEHHS HENPEPHIBHO IBHKYIIErOCHA MaTepHasa NpH COmps-

XEHHOH NocTaHOBKe 3aayH. Takoif MOAXOA O3BOJNET YUeCTh HE TONBKO BIHAHHE BHELUHHX YCIIOBHIM Ha

IpONECCH B MaTepHasie, Ho K 06paTHOe BIHMAHAC IPOLECCOB B MATEPHAJIE HA HHTEHCHBHOCTb TEILIO- H

MaccoOTHa4H, KOTOpoe B TPaAHIMOHHEIX METOAAX PacyeTa, OCHOBAHHMIX HAa TPAHMYHBIX YCIOBHSAX Tpe-
TbETrO Poja, NPAHIMNHAIBHO HE MOXET GBITh YYTEHO.



